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Introduction

I N this Note three-dimensionalinviscid � ows over wings are cal-
culated by solving the Euler equations using implicit weighted

ENO schemes.The WeightedEssentiallyNon-Oscillatory(WENO)
schemes proposed recently by Liu et al.1 and extended by Jiang and
Shu2 can achieve good convergenceproperty while keeping the ro-
bustness and high-order accuracy of ENO3;4 schemes. The main
idea of ENO scheme is to select the smoothest stencil among sev-
eral competing candidates to approximate the � uxes to a high-order
accuracy and meanwhile to avoid oscillations near discontinuities.
However, the freely adaptive stencil is not necessary in smooth so-
lution region, and it could change even by a round-off perturbation
near zeroes of the solution and its derivatives.1;2 Numerical exper-
iments with implicit ENO schemes usually suffer slow and even
stagnant convergence rate for steady-state solution computations
because of this adaptive stencil. Besides, the stencil-choosingstep
involvesfrequentusageof logical statements,which performpoorly
on vector machines.

In Ref. 5 a class of implicit WENO schemes for the Euler
equations has been successfully applied to two-dimensional airfoil
� ows. Good convergence rate to steady-state solution has been il-
lustrated. To improve the ef� ciency and convergence to the steady
state, the lower-upper symmetric Gauss–Seidel (LU-SGS) implicit
algorithm6 is adopted. LU-SGS scheme is not only unconditionally
stable but also completely vectorizable in any dimensions. The re-
sulting implicit LU-SGS WENO schemes for the Euler equations
have severaldesirablefeatures.Theyare more accurate,lessdissipa-
tive, and have good convergence rate to steady-state solutions, thus
rendering them good candidate for Euler simulations, particularly
when compared with the implicit ENO counterpart. The details of
the present scheme are similar to those given in Ref. 5 except that
here we extend it to three space dimensions. Several numerical is-
sues regarding to three-dimensionalEuler computations have been
reported such as the effects of numerical dissipation, inconsistent
coarse and � ne grid solutions, local and global minimum time step-
ping, and Kutta conditions.7;8 The aim of this work is to use implicit
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WENO Euler solver to tackle these numerical issues by solving
several three-dimensional Euler � ows. The computations are per-
formed for the subsonic � ow over NACA 0015 rectangular wing,
transonic � ow over ONERA M6 wing, and supersonic � ow over
elliptic delta wing.

Results and Discussion
Subsonic Flow over NACA 0015 Wing

The � rstcomputationis subsonic� owovera rectangularplatform,
untwisted, cantelevered NACA 0015 wing with aspect ratio 3.3.
Computations were performed at M1 D 0:18 and ® D 12:44 deg,
where M1 is the freestream Mach number and ® is the angle of
attack. The grid system is O-O type grid with 129 £ 26£ 45 grid
points. The outer boundaries were extended to 20 chord lengths in
all directions.The � rst grid line is at a distanceof 10¡3 chord length
off the wall.

The solutions were calculated using WENO2-Roe and ENO2-
Roe schemes at local Courant–Friedrichs–Lewy (CFL) number
15.0. The computations with present code were compared with
three-dimensionalupwind Euler code developed by Barth9 as well
as with the wind-tunnel experiments carried out by McAlister and
Takahashi.10 Pressure distribution is graphed in Fig. 1. The results
of WENO2-Roe and ENO2-Roe schemes are almost the same. The
comparison of results with both Barth code and experiment is ex-
tremely good. The present codes appear to resolve the suction pick
slightly better than the Barth code and more accurate at near wing
tip location. Figure 2 shows the convergencehistories for WENO2
and ENO2 schemes.After the residualshave decayed for two orders
of magnitude, the convergenceof ENO2-Roe scheme is leveling off
because of the freely adaptive stencil, whereas monotone conver-
gence is achieved with WENO2-Roe scheme. A drop of six orders
of magnitude of the l2 norm can be attained in 3000 iterations.

Transonic Flow over ONERA M6 Wing

The second computation is transonic � ow over the ONERA M6
wing at M1 D 0:8395, ® D 3:06 deg. The ONERA M6 wing is a

Fig. 1 Steady pressure distributions for NACA 0015 rectangular wing
at M 1 = 0:18, ® = 12:44 deg and y/b = 0:8989.

181



182 J. AIRCRAFT, VOL. 39, NO. 1: ENGINEERING NOTES

Fig. 2 Convergence history for NACA 0015 rectangular wing at
M 1 = 0:18 and ® = 12:44 deg.

Fig. 3 Steady pressure distributions for ONERA M6 wing at M 1 =
0:8395, ® = 3:06 deg, and y/b = 0:65.

symmetric airfoil section with a sweep angle of 30 deg. The wing is
tapered with a taper ratio of 0.56 and has an aspect ratio of 3.8. The
airfoilsectionis an ONERA D symmetric sectionwith 0.1maximum
thickness-to-chord ratio. Extensive wind-tunnel test data exist for
the ONERA M6 wing, in particularpressure data for transonic � ow
conditions.11

Our calculationis performedon an O-O-typegridsystemcontain-
ing 161£ 26 £ 45 grids in the wrap-around, spanwise, and body-
normaldirections,respectively.The outer boundarieswere extended
to 30 chord lengths in all directions.The � rst grid line is at a distance
of 10¡3 chord length off the wall. The solutions were calculatedus-
ing WENO2-Roe scheme at local CFL number 20.0. In Fig. 3 we
show the pressure coef� cients of present scheme as compared with
the experimentaldata 11 and theother calculationsby Yoon et al.12 in
which the number of grid points used were 191 £ 33 £ 49. The re-
sults of Yoon et al.12 were obtainedusingarti� cialdiffusionsscheme
with a LU-SGS implicitmethod. It is shown that resultsof WENO2-
Roe scheme are in good agreement with the experimental data and
are more accurate than the results of Yoon et al. as better represen-
tations of shock-wavepro� les and locationscan be observed for the
WENO scheme. Figure 4 shows a view of the pressure contours
along the upper surface. The con� guration obviously results in the
lambda double-shock pattern for transonic � ow on a swept wing,
where the two shocks coalesce to form a single shock near the wing
tip.

Fig. 4 Upper surface pressure contours for ONERA-M6 wingatM1 =
0:8395 and ® = 3:06 deg.

Fig. 5 Convergence history for elliptic delta wing at M 1 = 2:0 and
® = 10 deg. A comparison of different grid system.

Supersonic Flow over Elliptic Delta Wing

The supersoniccase is an inviscid � ow over an elliptic delta wing
with half-angles20 and 1.5 deg in the lateral and vertical directions.
This geometry provides a realistic approximationto a sharp leading
edge while maintaining a continuous curvature in the tip region.
The freestreamconditionsare Mach number 2.0 and angle of attack
10 deg.

Our solutionswere calculatedusingWENO2-Roe schemeat local
CFL number 20.0. Calculationswere made on three differentgrids.
The three grid systems are (11 £ 61 £ 65), (11 £ 121 £ 65), and
(11 £ 151 £ 65), with the minimum spacing normal to the wall sur-
face 1s=x D 0:005, 0:0005, and 0:0002, respectively. At the wing
vertex and the outer boundary of conical grid, freestream condi-
tions are speci� ed. The downstream station is located at x D 1, and
the boundary conditions there are extrapolated from the upstream
station.

Figure 5 shows the convergence histories of the three different
grid systems. Good convergence rate to steady-state solution has
been illustrated for all grid systems, but the convergence history
of � ne grid contains a � ow� eld evolution process.13 In Fig. 6 the
iterative history of the pressure distributionsusing � ne grid system
is shown to illustrate this evolutionprocess. Early in the calculation
a cross� ow shock forms on the leeside of wing near the tip. A vor-
tex forms behind the shock creating a separated � ow, which pushes
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Fig. 6 Pressure distributions of � ne grid for elliptic delta wing at
M 1 = 2:0 and ® = 10 deg, x = 0:75. A comparison of different iteration
numbers.

Fig. 7 Perspective view of the spanwise total-pressure contour of � ne
grid for elliptic delta wing at M1 = 2:0 and ® = 10 deg.

Fig. 8 Pressure distributions for elliptic delta wing at M1 = 2:0 and
® = 10 deg, x = 0:75. A comparison of different grid system.

Fig. 9 Pressure distributions of � ne grid for elliptic delta wing at
M 1 = 2:0, ® = 10 deg, x = 0:75. A comparison of different time stepping.

the cross� ow shock outboard toward the wind tip. As the cross-
� ow shock moves outboard, its strength decreases, and at the wing
tip it collapses into a singular point. This leaves a leeside � ow� eld
containinga large vortex. A perspectiveview of the spanwise total-
pressure contour plot is shown in Fig. 7. A comparison of pressure
coef� cients for the three grid systems is given in Fig. 8, which indi-
cates the � ow is grid resolved.This also servesas a grid convergence
check for the present method.

Our solutions obtained so far are based on the local time step-
ping because of its computationalef� ciency. Chakravarthyand Ota
claimed that the separated� ow solutionwas causedby the local time
stepping.The next issuewe addresshere is the effect of usingglobal-
minimum time stepping. Figure 9 shows that global-minimumtime
stepping produces the same solutions as that obtained using local
time stepping.

Conclusions
High-resolution implicit WENO Euler codes for solving three-

dimensional wing � ows have been developed. The present method
is based on weighted nonoscillatory spatial operator for convec-
tive � ux. The time integrationof equation is done using the implicit
LU-SGS algorithm.Applicationsto subsonic� ow over NACA 0015
rectangularwing, transonic� ows overONERA M6 wing, andsuper-
sonic � ow over elliptic delta wing have been carried out to validate
and illustrate the code. It is found that the present implicit WENO
Euler solver can achieve much better convergence rate for steady-
state calculations as compared with the implicit ENO counterpart.
For NACA 0015 wing and ONERA M6 wing the solutions of the
present algorithms compare well with the experimental data and
other numerical results. The results for elliptic delta wing show that
they are consistent with all grid sizes and the solutions are inde-
pendent of the way time stepping is taken. Both local time stepping
and global minimum time stepping produce the same solutions.
Regarding the various issues of preceding three-dimensionalEuler
computations such as numerical dissipation of different schemes,
inconsistent coarse and � ne grid solutions, different time stepping,
the present implicit WENO Euler solvers seem to provide a viable
tool to produce accurate, less dissipative, and consistent solutions
for the inviscidcompressiblewing � ows over a broad rangeof Mach
numbers.
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Propeller Momentum Theory
with Slipstream Rotation
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Introduction

O NE critical component of propeller blade element theory1 is
the prediction of the velocity induced on the propeller disk

as a result of the lift developed by the blades. Two methods are
commonly used to predict this induced velocity. The most compre-
hensive method is Goldstein’s vortex theory.2 The simplest method
is propellermomentumtheory,3¡5 which is the topic addressedhere.
The major objection to the use of classicalpropellermomentumthe-
ory has been its failure to account for the rotationof the � uid within
the slipstream.

Classical propeller momentum theory is presented in most
aeronautical engineering textbooks that deal with propeller
performance.3¡5 Momentum theory is based on the hypothesis of a
streamtube, which encloses the complete propeller disk as shown
in Fig. 1. This streamtube is assumed to extend from a plane in-
� nitely far upstream from the propeller disk to a plane in� nitely
far downstream. All of the � uid that enters this streamtube on the
far upstream side must pass through the propeller disk and exit the
streamtube on the far downstream side.
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Fig. 1 Momentum theory model for the pressures and velocities of the
� uid that � ows through the disk of a rotating propeller, including the
effects of � uid rotation.

In additionto the foundationhypothesisof streamtube� ow shown
in Fig. 1, classical propeller momentum theory imposes � ve sim-
plifying approximations.The � ow is assumed to be 1) inviscid and
2) incompressible; 3) all rotation of the � uid within the streamtube
is neglected; and both 4) the velocity and 5) the static pressure are
assumed uniform over each cross section of the streamtube. With
these approximationsthe inducedvelocity Vi is expressedas a func-
tion of the freestreamvelocityV1 and the thrustT . In dimensionless
form the result is

Vi
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usual thrust coef� cient and advance ratio. Here, ! is used to rep-
resent the propeller angular velocity, dp is the propeller diameter,
and ½ is the � uid density. From the same analysis the propulsive
ef� ciency for the propeller is found to be
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where Q is the torque required to turn the propellerand ´i is usually
called the ideal propulsive ef� ciency.

The major objection to these results has been the failure of the
method to account for rotation of the � uid within the slipstream.
There appears to be no physical basis for neglecting slipstream ro-
tation. Clearly, torque must be applied to turn the propeller and
that torque must result in rotation of the � uid within the slipstream.
Because some of the power supplied to the propeller must go to
support this rotation, the propulsive ef� ciency will be reduced as
a result of slipstream rotation. In the following analysis we shall
examine the magnitude of this effect.

Effects of Slipstream Rotation
We shall now consider the incorporationof the angular momen-

tum equation into the model hypothesized in propeller momentum
theory. To isolate the effectsof slipstreamrotation,we will continue
with the assumptionsof inviscid, incompressible,uniform � ow, but
we will now allowfor rotationof the � uid within the streamtube.Ac-
cordingly,we will continueto assume the existenceof a streamtube,
which encloses the complete propeller disk as shown in Fig. 1. This
streamtubeis still assumed to extend in� nitely far upstreamfrom the
propeller disk, to a plane where the static pressure is constant and
equal to the freestreamstatic pressure p1. In this plane the axial ve-
locity is the freestreamvelocity V1 , and there is no circumferential
velocity. Likewise, the streamtube is assumed to extend in� nitely
far downstream from the propeller disk to a plane where the veloc-
ity in the slipstream is no longer changing in the axial direction.
Consistent with the uniform � ow assumption used in classical pro-
peller momentum theory, we will continue to assume uniform axial
velocity but will now allow for a uniform angular velocity as well.
Because we wish to examine the effect of slipstream rotation on
the results predicted by propellermomentum theory, at � rst thought
one might be tempted to continue with the assumption of uniform
pressure, which is also imposed in classical propeller momentum
theory. However, this assumption is not consistent with rotation in
the ultimate slipstream.


